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Abstract

The evolution of atmosphere and ocean on the Earth is significantly influenced by the
impact of small planetary bodies. The modified atmosphere and ocean could change the
surface environment, and it may determine the habitability of the planet. While some
physical mechanisms causing atmospheric erosion by impact have been investigated, a
comprehensive understanding of the impact-induced atmospheric erosion process is lack-
ing. The most realistic numerical simulations, Shuvalov (2009) and Shuvalov et al. (2013),
assumed only rock material as the target of impacts, and did not consider the oceanic
erosion. In this study, we aim to develop an advanced numerical code for simulation
of impacts of small bodies, assuming the target as land and/or ocean. We use a new
Lagrangian hydrocode in Hosono et al. (2013), Density Independent Smoothed Particles
Hydrodynamics (DISPH). In the hydrostatic equilibrium tests, the contact discontinuity
with quite large difference of density, such as the boundaries between the atmosphere
and ocean/land, can be expressed exactly by using the DISPH method with unequal-
mass particles and equal-separation arrangement. A numerical code for simulations of
impacts is developed in this work with various impact parameters, such as projectile di-
ameter, impact velocity, impact angle, projectile material, and target material. From the
preliminary simulations of impacts with the numerical code, we find that the variation
of impact parameters makes a large difference to the picture after the collision. We have
some problems in employing realistic non-ideal EOS suitable for these simulation and
setting the initial conditions. However, we find that we can express exactly the contact
discontinuity with quite different values of density by using the DISPH code. This result
is of great importance for calculation load as well, and it might also help us solve other
unsettled problems in astrophysical and planetary sciences field.
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Chapter 1

Introduction

The evolution of Earth’s atmosphere and surface water is characterized by source and loss
processes. Although atmospheres of a planet may have evolved by gravitational attraction
from the solar nebula, the Earth’s atmosphere is more likely to be affected by volcanic
degassing from the mantle and evaporation of volatiles during impacts of comets and
hydrous asteroids. The ways of water supply to the Earth have been a matter of debate.
One of the ways of water supply is thought to be impacts of comets (Chyba 1987). On
the other hand, the growth of atmospheres and surface water could be counteracted by
escape processes due to hypervelocity impacts of small planetary bodies. In particular, a
cataclysmic late heavy bombardment about 600 myr after the formation of the terrestrial
planets (Wetherill 1975) may change these pictures. The amount of atmospheric and
oceanic erosion and the retention of volatiles from the impactors during this period might
be crucial. The modified atmosphere could change the surface environment. Also, the
amount of surface water on planets could determine their habitability. Maruyama et
al. (2013) insisted that not only ocean but land are necessary for birth and sustention
of life. Ueta and Sasaki (2013) showed that ice could appear at the bottom of the
surface H2O layers under high-pressure conditions (high-pressure ice), and implied that
such underlying high-pressure ice layers are likely to affect the habitability of the planet.
Therefore, the impact of small bodies, which can replace the atmosphere and vary the
amount of water, is a critically important physical process.

The idea of impact-induced planetary atmospheric erosion was suggested by Cameron
(1983). It is based on the assumption that a great mass of shock-heated and upward ac-
celerated atmosphere air can reach velocities exceeding the escape velocity for the Earth
(uesc = 11.2 km/s) and can be ejected to space. Some physical mechanisms contribut-
ing to atmospheric erosion by impact have been subsequently investigated (Table 1.1).
Walker (1986) examined the interaction of shock-compressed gas and ablated impactor
material during the entry phase, but did not consider the final jetting and escape. The
vapor plume was regarded by Vickery and Melosh (1990) and Zahnle (1990) with a spher-
ically symmetric analytical solution for expansion of a ideal gas. Svetsov (2000) consid-
ered the impactor entry phase in an analytical pancake model resulting from impactor
fragmentation, checking the small-size threshold where impact cratering erosion becomes
ineffective. In the opposite limit of very large impacts, Genda and Abe (2003) approx-
imated the motion of the free surface as a solid piston propagating radially in ballistic
free-fall and investigated the reaction of the air numerically in a 1D spherically symmetric
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Table 1.1: Physical mechanisms contributing to atmospheric erosion by impacts. Only
some of the authors quoted.

Case Physical effect Authors

1 Compression and jetting of gas displaced Walker (1986)
during impact entry Svetsov (2000, 2007)

Shuvalov et al. (2013)

2 Shock wave caused by plume of partially Vickery and Melosh (1990)
vaporized impactor and target material Zahnle (1990)

Svetsov (2007)
Shuvalov (2009)
Shuvalov et al. (2013)

3 Global action of the free surface during large Genda and Abe (2003)
impacts

4 Intereaction of high-speed ejecta fragments Artemieva and Ivanov (2004)
with atmosphere

approximation, neglecting the vapor plume. Later, Svetsov (2007) applied his original
model to parameterize results of 2D cylindrical geometry simulations in 1-bar and more
massive atmospheres, by using the hydrocode algorithm SOVA (Shuvalov 1999). He also
derived analytical formulas describing escape of impactor and target material. The fourth
case in Table 1.1 would be worth considering when the impactor mass is comparable or
exceeds the mass of the entire atmosphere. Such impacts may have occurred several
times during the late heavy bombardment era. de Niem et al. (2012) coupled these
suggested parameterizations of source and loss mechanisms with an estimated impactor
flux to evaluate atmospheric evolution. However, they represented that the partion of
the impactor kinetic energy converted into either the jetting gas flow expanding outward
(Svetsov 2000), into vapor plume (Vickery and Melosh 1990), or into the shock wave on
the free surface in Genda and Abe (2003) is unclear, and noted that a comprehensive
description of the impact-induced erosion process is insufficient.

The most realistic numerical simulations investigating atmospheric erosion and im-
pactor retention using realistic equations of state (EOS) were performed by Shuvalov
(2009) and Shuvalov et al. (2013). Shuvalov (2009) considered the cratering flow induced
by cylindrical asteroids and comets. Over the wide range of considered impact parameters,
the angle averaged escaping mass was derived by a simple polynomial function. Although
he took into account the effects of impact angle and of a wake created during the fall
of projectile through the atmosphere, the disruption and/or deceleration of the projec-
tile during passing through the atmosphre was not considered. Shuvalov et al. (2013)
simulated cometary and asteroidal impacts (striking unmodified and crater-forming, im-
pacting as fragmented meteorites, or causing aerial burst produced by disintegrating and
decelerating projectiles) into dense and hot atmospheres, which are assumed as the pri-
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mary Earth’s atmosphere, and estimated atmospheric erosion. They approximated the
results by simple analytical formulae. In both studies, they employed basically Eulerian
numerical codes, and only rock material is assumed as the target of impacts.

There is a possibility that ocean might have exist on the early Earth from the last stage
of the formation of the Earth. Mojzsis et al. (2001) showed that oxygen isotopes of zircons
imply the presence of ocean about 4.3 Gyr ago. During the late heavy bombardment,
ocean is likely to be common as the target of the impacts. In the simulation of the
impacts of small bodies, we should consider the existence of ocean.

The purpose of this study is to develop a 3D advanced numerical code for more realistic
simulation of the impacts of asteroids and comets, assuming the target as land and/or
ocean. Although Eulerian codes are used in realistic numerical simulations, Shuvalov
(2009) and Shuvalov et al. (2013), we employ the new Lagrangian hydrocode in Hosono
et al. (2013), Density Independent Smoothed Particle Hydrodynamics (DISPH). It is
because we can easily follow escape materials using the Lagrangian scheme, whereas in
Eulerian methods we have to arrange enough large (sometimes extra) calculating region
to track the materials blown off by a impact. In particular, it could be crucial to use
the Lagrangian method, when we calculate more global simulations for a relatively large
impact. Our final goal is comprehensively understanding the impact-induced erosion
process, which is of great importance for the history of terrestrial planets, especially that
of the Earth.

4



Chapter 2

Method

2.1 Smoothed Particles Hydrodynamics Method

The SPH method was developed by Lucy (1977) and Gingold & Monaghan (1977), and
have been widely used to solve various astrophysical problems. In the SPH method, fluid
elements are expressed as hypothetical particles with its own mass (SPH particles). The
dynamical equations in the Lagrangian form are employed. Compared to Eularian grid
method, the Lanrangian SPH method is better used for hydrodynamic problems including
a lot of empty deforming regions.

However, some problems have been cited in dealing with hydrodynamical instabilities
by the standard SPH (see e.g., Agertz et al. 2007). Those problems are caused by the
assumption that the local density distribution is differentiable. So as to resolve these
problems, Saitoh & Makino (2013) developed a new SPH scheme for the ideal gas, which
does not require the differentiability of the density (DISPH; see Appendix A.2). Using
this new SPH method, the hydrodynamical instabilities could be treated successfully.
Hosono et al. (2013) extend the DISPH to the formulation also for the non-ideal gas. In
order to simulate more realistic impacts of small planetary bodies, various materials are
necessary, such as rock, water, and air. Therefore, we employ the new advanced SPH for
non-ideal gas in Hosono et al. (2013). Below, we show the scheme of DISPH method.
Note that for the calculation of the direct search of neighbours among N particles, the
oct-tree structure is employed for neghibour searching (Hernquist & Katz 1989).

2.1.1 Basement of SPH

Let us consider the following equations, respectively, the continuity equation, the motion
equation, and the energy equation:

dρ

dt
= −ρ∇ · v, (2.1)

dv

dt
= −1

ρ
∇p, (2.2)

du

dt
= −p

ρ
∇ · v, (2.3)
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where ρ, v, p, and u are the density, velocity, pressure, and specific internal energy. The
pressure p is given by EOS, p = p(ρ, u). We do not solve the continuity equation because
the SPH is a fully Lagrangian method; we employ only Eqs. (2.2) and (2.3).

At the heart of SPH is the interpolation by a kernel approximation. A physical
quantity A(r) is approximated by

Â(r) =

∫∫∫
A(r′)W (r − r′;h(r))dV ′, (2.4)

where W (r;h) is a kernel function and the smoothing length h determines the width
of this kernel. In order to evaluate the value of the physical quantities at the posisions
of particles, we discretize Eq. (2.4), by replacing the integral by a sum over a set of
interpolation points:

Â(r) ≃
∑
j

AjW (r − rj ;h(r))∆Vj, (2.5)

where the subscript j is particle index, Aj is the value of A(r) of particle j, and ∆V is

the volume element. From Eq. (2.5), the derivative of Â is given by

∇Â(r) ≃
∑
j

Aj∇W (r − rj ;h(r))∆Vj. (2.6)

We need to determine ∆Vi to actually calculate Eq. (2.6). The way to evaluate ∆Vi

is different among the standard SPH (see Appendix A.1), Density Independent SPH for
ideal gas (see Appendix A.2), and Density Independent SPH for non-ideal gas. Below,
we show the formulation of the Density Independent SPH for non-ideal gas.

2.1.2 Density Independent SPH for Non-Ideal EOS

In the formulation of DISPH for non-ideal EOS in Hosono et al. (2013), the volume
element ∆Vj is expressed as Yj/pj, where we define the quantity Yi as Yi = ∆Vipi. In the
case of non-ideal EOS, we have

pi = p(ρi, ui). (2.7)

Then, Âi can be obtained as

Âi =
∑
j

Aj
Yj

pj
W (rij;hi). (2.8)

By substituting p into A, we obtain

p̂i =
∑
j

YjW (rij;hi). (2.9)

From Eq. (2.8), the derivative of Âi can be obtained as

∇Âi =
∑
j

Aj
Yj

pj
∇W (rij;h). (2.10)

First, we derive the expression for the energy equation, and then the motion equation.
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In order to derive the energy equation, an expression of ∇ · v is needed. We use the
following equation,

∇(pv) = v · ∇p+ p∇ · v. (2.11)

From Eqs. (2.10) and (2.11), we obtain

p̂i∇ · vi = −
∑
j

Yjvij · ∇W (rij;h). (2.12)

Here, the density ρi can be written by

ρi =
mip̂i
Yi

. (2.13)

From Eqs. (2.3), (2.12), and (2.13), the energy equation can be written as

dUi

dt
=
∑
j

YiYj

p̂i
vij · ∇W (rij;h), (2.14)

where U = mu is the internal energy. Now we define the change in the internal energy of
the i-th particle due to the interaction with j-th particle as dUij/dt. By using Eq. (2.14),
dUij/dt is given by

dUij

dt
=

YiYj

p̂i
vij · ∇W (rij;h). (2.15)

From the energy equation, the motion equation can be derived. The variation of the
internal energy is the same as that of the kinetic energy with an opposit sign;

dUij

dt
+

dUji

dt
= − d

dt
(Ki +Kj) , (2.16)

where Ki and Kj are the kinetic energy of the i-th and j-th particle each. From Eq.
(2.14), we obtain the left side of Eq. (2.16) as

dUij

dt
+

dUji

dt
= YiYj

(
1

p̂i
+

1

p̂j

)
vij · ∇W (rij;h). (2.17)

Here, Ki +Kj is

Ki +Kj =
1

2
miv

2
i +

1

2
mjv

2
j

=
1

2
(mi +mj)

(
mivi +mjvj

mi +mj

)2

+
1

2

mimj

mi +mj

v2
ij. (2.18)

Then, the right side of Eq. (2.16) can be written as

− d

dt
(Ki +Kj) = −1

2
(mi +mj)

d

dt

(
mivi +mjvj

mi +mj

)2

− mimj

mi +mj

vij
dvij

dt
. (2.19)

Since the total momentum of two particles is conserved,

d

dt
(mivi +mjvj) = 0. (2.20)

7



From Eqs. (2.17), (2.19), and (2.20), we can change Eq. (2.16) as

− mimj

mi +mj

dvij

dt
= YiYj

(
1

p̂i
+

1

p̂j

)
∇W (rij;h). (2.21)

By using Eq. (2.20), vj in Eq. (2.21) can be eliminated and we finally obtain

mi
dvi

dt
= −

∑
j

YiYj

(
1

p̂i
+

1

p̂j

)
∇W (rij;h). (2.22)

We derived the energy equation and the motion equation. These equations determine
the evolution of a fluid. However, we need to solve Eq. (2.9) for a given position ri and a
spcific internal energy ui, and determine new values of the pressure. We solve Eq. (2.9)
by iteration. Let us summarize the procedure, below. Unless otherwise noted, we apply
only one cycle of the above iteration.

Step 1: We calculate the density, using Eq. (2.13).
Step 2: From the density, the internal energy, and the EOS, the non-smoothed pressure
p̂ = p(ρ, u) is obtained.
Step 3: From the equation Ŷ = mp̂/ρ, we obtain a new Ŷ .
Step 4: We calculate p by using Eq. (2.9). If necessary, we go back to Step 1.

We integrate the derivative of Y , dY/dt, and derive the initial guess of Ŷ as follows:

dY

dt
= p

d∆V

dt
+∆V

dp

dt

= p∆V

(
1

∆V

d∆V

dt
+

1

p

dp

dt

)
= Y

(
1

∆V

d∆V

dt
+

∆V

p

1

∆V

d∆V

dt

∂p

∂∆V

)
= Y

1

∆V

d∆V

dt

(
1 +

∆V

p

∂p

∂∆V

)
(2.23)

From Eq. (2.1) and ∆V = m/ρ, we can obtain

1

∆V

d∆V

dt
= ∇ · v, (2.24)

∆V

p

∂∆V

∂t
= −ρ

p

∂p

∂ρ
. (2.25)

From Eqs. (2.12), (2.23), (2.24), and (2.25), we obtain

dYi

dt
= (γi − 1)

∑
j

YiYj

pi
vij · ∇W (rij;h), (2.26)

where

γi :=
ρi
pi

(
∂p

∂ρ

)
i

. (2.27)
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2.1.3 Kernel Function

The kernel function must be differentiable by |r| and have following two properties:∫∫∫
W (r − r′;h)∆V ′ = 1, (2.28)

lim
h→0

W (r − r′;h) = δ(r − r′). (2.29)

In this study, we employ the cubic spline function in Monaghan & Lattanzio (1985):

W (r;h) =
σ

hD
×


1
4
(4− 6s2 + 3s3) (0 ≤ s < 1),

1
4
(2− s)3 (1 ≤ s < 2),

0 (2 ≤ s)

(2.30)

where D is number of dimensions, s is defined as s = |r|/h, and σ is the normalization
constant. The constant σ have 2/3, 10/7π, and 1/π in D = 1, 2, and 3, respectively.
If this cubic spline kernel is used for the derivative, the SPH particles could sometimes
cluster each other. To avoid this clustering, we employ a gradient of the kernel which has
a triangular shape, as in Thomas & Couchman (1992),

∇W (r;h) = − σr

hD+1|r|
×


1 (0 ≤ s < 2/3),
3
4
s(4− 3s) (2/3 ≤ s < 1),

3
4
(2− s)2 (1 ≤ s < 2),

0 (2 ≤ s).

(2.31)

2.1.4 Smoothing Length

The smoothing length is the effective length of the kernel function. Typically, indivisual
and time-varying smoothing length are used. In this study, we use

hi = η

(
mi

ρi

)1/D

= η

(
Yi

pi

)1/D

(2.32)

where D is the number of dimensions. Unless otherwise noted, we set the parameter
η = 1.2.

2.1.5 Artificial Viscosity

In order to deal with shocks, we need to introduce artifical viscosity (AV), which mimicks
the molecular viscosity. To consider the AV, we introduce artificial dissipation term into
equations. The AV term in the motion and energy equation can be described as(

dvi

dt

)AV

= −
∑
j

mjΠij∇Wij, (2.33)

(
dui

dt

)AV

=
1

2

∑
j

mjΠijvij · ∇Wij. (2.34)
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There are several different forms of artificial viscosity. In this thesis, we adopt the fol-
lowing form of the artificial viscosity proposed by Monaghan (1997):

Πij = −αAV

2

vsigij wij

ρij
, (2.35)

where
vsigij = ci + cj − 3wij, (2.36)

wij =

{
vij ·xij

|xij | (xij · vij < 0),

0 otherwise,
(2.37)

ρij =
1

2
(ρ̂i + ρ̂j). (2.38)

Here, αAV and c are parameters which determine the strength of the artificial viscosity
and the sound speed is

c =

√
p

ρ2
∂p

∂u
+

∂p

∂ρ
. (2.39)

In this study, we use αAV = 1.
We employ the Balsara switch (Balsara 1995) to suppress the shear viscosity. It is

given by

fBalsara
i =

|∇ · vi|
|∇ · vi|+ |∇ × vi|+ εbci/hi

, (2.40)

where εb, a small value, is employed to prevent numerivcal overflow. Throughout this
paper, εb = 10−4 is set. The rotation of velocity is

∇× vi = −
∑
j

Yj

pj
vij ×∇W (xij;hi). (2.41)

Accordingly, the artificial viscosity Πij can be written as

Πij =
1

2
(fBalsara

i + fBalsara
j )Π̃ij. (2.42)

2.1.6 Timestep

In the SPH method, the timesteps for integration are usually determined by the Courant
condition. The timesteps of i-th particle dti are given by

dtCFL,i = CCFL
2hi

maxj v
sig
ij

. (2.43)

In this study, we set CCFL = 0.3.
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2.2 Time Integrator

In this study, the Kick-Drift-Kick leapfrog time integrator is used, which is of second
order accuracy. We summarize the n-th timestep.

Step 1: Initial kick
Compute vi and ui at half step:

v
(n+1/2)
i = v

(n)
i +

∆t

2
a
(n)
i , (2.44)

u
(n+1/2)
i = u

(n)
i +

∆t

2
u̇
(n)
i . (2.45)

Step 2: Full drift
Advance ri by full step:

r
(n+1)
i = r

(n)
i + v

(n+1/2)
i ∆t. (2.46)

Step 3: Predict
Predict vi and ui at full step:

v
(n+1)
i,p = v

(n)
i + a

(n)
i ∆t, (2.47)

u
(n+1)
i,p = u

(n)
i + u̇

(n)
i ∆t. (2.48)

At this step, we compute ai and ui.
Step 4: Final kick
Set vi and ui at full step:

v
(n+1)
i = v

(n+1/2)
i +

∆t

2
a
(n+1)
i , (2.49)

u
(n+1)
i = u

(n+1/2)
i +

∆t

2
u̇
(n+1)
i . (2.50)

We calculate a
(n+1)
i and u

(n+1)
i using predicted vi and ui, for calculating the artificial

viscosity terms.

2.3 Equation of State for Non-Ideal Condition

We use the Tillotson EOS (Tillotson 1962; Melosh 1989) as the non-ideal EOS. It is one
of the classical and most widely used EOS for impact simulations. The Tillotson EOS
takes three different functional forms parameterized by the density ρ and the specific
internal energy u.

(a) condensed (ρ > ρ0) or cold state (u < uiv)
In this state, the Tillotson EOS is given by

pco =

(
a+

b
u

u0η2
+ 1

)
ρu+ Aµ+Bµ2, (2.51)
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where η = ρ/ρ0 and µ = η − 1.
(b) expand hot state (ρ < ρ0 and u > ucv)

In this region, the Tillotson EOS is as follows:

pex = aρµ+

[
bρu
u

u0η2
+ 1

+ Aµ exp

{
−α

(
1

η
− 1

)}]
exp

{
−β

(
1

η
− 1

)2
}

(2.52)

(c) intermediate region (uiv < u < ucvand ρ < ρ0)
In this region, a smoothed transition between above two states occurs. Thus, as Benz et
al. (1986) did, we inyterpolated the pressure by using pco and pex;

ptr =
(u− uiv)pex + (ucv − u)pco

ucv − uiv

(2.53)

The Tillotson EOS has 10 parametes, which are set by each material (Table 2.1).

Table 2.1: Values of parameters of the Tillotson EOS

Parameter Granite Water Unit

ρ0 2680 998 kg/m3

u0 16.0 7.0 MJ/kg
a 0.5 0.7 -
b 1.30 1.15 -
A 18.00 2.18 GPa
B 18.00 13.25 GPa
ucv 18.00 2.69 MJ/kg
uiv 3.500 0.419 MJ/kg
α 5.0 10 -
β 5.0 5.0 -
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Chapter 3

Results

In order to simulate more realistically the impacts of small bodies on the Earth, we have
the following challenges, (1) to treat the contact discontinuity with quite large difference
of density, (2) to develop numerical code for simulation of impacts with various impact
parameters, (3) to use non-ideal EOS suitable for the simulation of impacts of small
bodies, and (4) to set the Earth-like initial condition of collisions. In terms of items (3)
and (4), we discuss the problems and solutions to them as our future work in chapter 4
Discussion. Below, we consider (1) and (2), showing some numerical results.

3.1 Contact Discontinuity with Large Difference of

Density

In order to examine whether the scheme of DISPH can manage exactly the contact dis-
continuity, such as the boundary between air and rock/water, we conduct the hydrostatic
equilibrium tests. Similar tests has been subjected by Saitoh & Makino (2013) with the
ideal EOS. Also, Hosono et al. (2013) checked the case for the non-ideal EOS with equal-
mass particles. Here, we change the mass of particles to express quite different values of
density, using the equal-separation between particles. Saitoh & Makino (2013) showed
that the results of the unequal-mass case is even better than those of the equal-mass case
in expressing a difference of density with DISPH, although they performed the tests with
ideal gas, where the difference of density is 4 times. Also, they checked that the differ-
ence of density is no problem up to 64 times for the unequal-mass case. When we employ
the standard SPH, the equal-mass particles are typically used because the result is better
than that of the unequal-mass particles. In order to calculate more realistically a problem
with large difference of density with standard SPH, a quite large number of equal-mass
particles is necessary in the high-density region, which is very expensive calculation. For
less calculation load as well, we employ DISPH with the unequal-mass particles and the
equal-separation arrangement.

We check the evolution of two or three fluids with different values of density, but with
the same pressure. We use a 2D computational square-domain, 0 ≤ x < 1 and 0 ≤ y < 1.
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In Figures 3.1 and 3.3, the initial condition is

ρ =


2680 0.29 < x < 0.71 and 0.29 < y < 0.71,

1000 outside the above region and 0.25 < x < 0.75 and 0.25 < x < 0.75,

1.3 otherwise,

(3.1)

where we assume rock, water, and air, and use the Tillotson EOS for granite, the Tillotson
EOS for water, and ideal EOS, respectively. In Figures 3.2 and 3.4, the initial condition
is

ρ =

{
2680 0.25 < x < 0.75 and 0.25 < y < 0.75,

1.3 otherwise,
(3.2)

where we assume rock and air, and use the Tillotson EOS for granite and ideal EOS,
respectively. Particles are initially in a regular grid. In the former condition, the number
of particles in the granite region is 441, that in the water region is 184, and that in the
air region is 1875. In the latter condition, the number of particles in the granite region
is 625, and that in the air region is 1875. Initial velocities of particles were set to zero.
The end time is t = 240. Since the initial situations are in the hydrostatic equilibrium,
particles should not move, except for the small local adjustments.

For comparison, the results of the standard SPH are also shown here. In Figures 3.1
and 3.2, the simulations are calculated with the standard SPH. The high-density rock
and water regions, which initially have a square shape, become rounder and finally like
a circle by t = 240 (Figure 3.1). Also, empty ring structures are formed between each
fluids. As explained in Saitoh and Makino (2013), the reason why such an unphysical de-
formation occurs is that unphysical repulsive force between particles arises at the contact
discontinuity. The repulsive force effectively makes the ”suface tension.” In Figure 3.2,
where the difference of density between granite and air region is about 2000 times, we
can see that the effect of the repulsive force becomes larger and that some air-particles
move into the rock region (t = 0.23). Due to these unrealistic situation, we could not
calculate accurately any more.

In Figures 3.3 and 3.4, we show that far better solutions are given by the DISPH.
The high-density parts, rock and water (Figure 3.3), and only rock (Figure 3.4), remain
square shapes till t = 240 without any problem. Our DISPH resolves the unphysical
surface tension completely, even for the cases where the difference of density is about 770
times (Figure 3.3) and about 2000 times (Figure 3.4).

Note that we employ the typical values of each material’s density at the Earth’s sur-
face, using the equal-separation and unequal-mass arrangement. From these simulations,
it is found that we can set the boundary between the atmosphere and ocean, or between
the atmosphere and land that represents the surface of the Earth with much smaller
number of particles.
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3.2 Impacts with Various Impact Parameters

We developed numerical code for simulation of impacts with various impact param-
eters, such as projectile diameter, impact velocity, impact angle, projectile material
(cometary/asteroidal), and target material (land/ocean). Here, we show some calcu-
lational results with the numarical code.

Numerical simulations were performed for the asteroidal impactor and land consisting
of granite with density of 2680 kg/m3, and the cometary projectile and oceean consisting
of water with density of 1000 kg/m3. Tillotoson EOS are used to describe properties of
granite and water. Atmosphere is assumed as ideal gas with density of 1.3 kg/m3. We set
the initial pressure of each material as 1010 Pa because of the problem of non-ideal EOS
(see section 4.1), although in the case of the Earth the pressure of ground level is about
105 Pa, and the pressure of each altitude and depth is different. Each simulation starts
with the center of projectile at an altitude of 20 km. Here, we assume that the target
is a plain surface, although the curvature of the Earth should be taken into account for
larger impactors. A 3D numerical region consisting of 50 × 50 × 50 particles expresses
the space of 200 km × 200 km × 200 km, where half of the space (z > 100 km) represents
the atmosphere and the other half represents the target. Particles are initially in a regular
grid. Here, we change the mass of particles to express different values of density, using the
equal-separation between particles. Gravity with −9.8 m/s2 in z direction is considered.
Note that in these calculations the initial conditions, especially air particls, are not yet
settled due to gravity in z direction. We have the problems in setting the initial condition
(see section 4.2). Here, therefore, we perform some preliminary calculations on the above
conditions. Impact parameters are shown in Table 3.1.

Figures 3.5 to 3.12 are snapshots of each case. In any cases, basically, asteroidal
impactors erode more deep the target than cometary impactors because comets evaporate
more quickly due to the thermal energy resulting from the collision, whereas asteridal
projectiles remain more long time in a crater as solid or liquid state, expanding the
crater (e.g., snapshots at t = 2.3, 3.1, and 3.9 s in Figures 3.5 and 3.6). In oblique
impacts, a watery jet generated by a cometary projectile expands more laterally (Figure
3.8), while an asteroid scoops the target rock (Figure 3.7). Vertical impacts of cases 5 and
6, more high-velocity impacts, produce different pictures from cases 1 and 2, although in
the cases 5 and 6 there is no ocean. A more massive amount of targte rock soars upward
out of the collisional crater (Figures 3.9 and 3.10). Shock waves due to fragmented rock
spreads, blowing off ambient air and disrupting the target rock (a snapshot at t = 3.0 of
Figure 3.9). In oblique impacts of Figures 3.11 and 3.12, we can see that jets and shock
waves generated by the impacts involves a grater mass of atmosphereic air. It is because
in oblique impacts a grater part of impact energy is finally released into the atmosphere
(not into the target). Another possible reason for that is the effect of massive ocean.
Oceanic (and cometary) water is vaporized quickly by the impacts and generated shock
waves expand quit widely (a snapshot at t = 3.7 of Figure 3.12).
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Figure 3.1: Snapshots from the hydrostatic equilibrium tests at t = 3 (top left), 9 (top
right), 15 (middle left), 30 (middle right), and 240 (bottom left). The results of the
standard SPH are shown here. The orange, blue, and skyblue points indicate the positions
of particles, assumed as granite, water, and air particles, respectively.
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Figure 3.2: Snapshots from the hydrostatic equilibrium tests at t = 0 (top) and 0.23
(bottom). The results of the standard SPH are shown here. The orange and skyblue
points indicate the positions of particles, assumed as granite and air particles, respectively.
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Figure 3.3: Snapshots from the hydrostatic equilibrium tests at t = 3 (top left), 9 (top
right), 15 (middle left), 30 (middle right), and 240 (bottom left). The results of DISPH
are shown here. The orange, blue, and skyblue points indicate the positions of particles,
assumed as granite, water, and air particles, respectively.
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Figure 3.4: Snapshots from the hydrostatic equilibrium tests at t = 3 (top left), 9 (top
right), 15 (middle left), 30 (middle right), and 240 (bottom left). The results of DISPH are
shown here. The orange and skyblue points indicate the positions of particles, assumed
as granite and air particles, respectively.
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Table 3.1: Values of impact parameters

Case Diameter, km Velocity, km/s Angle Comet/Asteroid Ocean Depth, km

1 20 20 90 A 4
2 20 20 90 C 4
3 30 20 45 A 0
4 30 20 45 C 0
5 20 30 90 A 0
6 20 30 90 C 0
7 20 30 45 A 12
8 20 30 45 C 12
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Figure 3.5: Close-up snapshots from the simulation of case 1 at t = 0.3 (top left), 0.7
(top right), 1.5 (middle left), 2.3 (middle right), 3.1 (bottom left), and 3.9 s (bottom
right) at the region of 30 km ≤ x ≤ 170 km and 30 km ≤ z ≤ 170 km. Only particles
within 2 km thin slice centered on the y = 100 km plane are shown. The orange, red,
blue, and skyblue points indicate the positions of particles, assumed as granite, granite
(as a impactor), water, and air particles, respectively.
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Figure 3.6: Close-up snapshots from the simulation of case 2 at t = 0.3 (top left), 0.7
(top right), 1.5 (middle left), 2.3 (middle right), 3.1 (bottom left), and 3.9 s (bottom
right) at the region of 30 km ≤ x ≤ 170 km and 30 km ≤ z ≤ 170 km. Only particles
within 2 km thin slice centered on the y = 100 km plane are shown. The orange, blue,
and skyblue points indicate the positions of particles, assumed as granite, water, and air
particles, respectively.
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Figure 3.7: Close-up snapshots from the simulation of case 3 at t = 0.3 (top left), 0.7
(top right), 1.3 (middle left), 2.0 (middle right), 2.6 (bottom left), and 3.3 s (bottom
right) at the region of 30 km ≤ x ≤ 170 km and 30 km ≤ z ≤ 170 km. Only particles
within 2 km thin slice centered on the y = 100 km plane are shown. The orange, red,
and skyblue points indicate the positions of particles, assumed as granite, granite (as a
impactor), and air particles, respectively.
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Figure 3.8: Close-up snapshots from the simulation of case 4 at t = 0.3 (top left), 0.7
(top right), 1.3 (middle left), 2.0 (middle right), 2.6 (bottom left), and 3.3 s (bottom
right) at the region of 30 km ≤ x ≤ 170 km and 30 km ≤ z ≤ 170 km. Only particles
within 2 km thin slice centered on the y = 100 km plane are shown. The orange, blue,
and skyblue points indicate the positions of particles, assumed as granite, water, and air
particles, respectively.
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Figure 3.9: Close-up snapshots from the simulation of case 5 at t = 0.3 (top left), 0.5
(top right), 1.2 (middle left), 1.8 (middle right), 2.4 (bottom left), and 3.0 s (bottom
right) at the region of 30 km ≤ x ≤ 170 km and 30 km ≤ z ≤ 170 km. Only particles
within 2 km thin slice centered on the y = 100 km plane are shown. The orange, red,
and skyblue points indicate the positions of particles, assumed as granite, granite (as a
impactor), and air particles, respectively.
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Figure 3.10: Close-up snapshots from the simulation of case 6 at t = 0.3 (top left), 0.5
(top right), 1.2 (middle left), 1.8 (middle right), 2.4 (bottom left), and 3.0 s (bottom
right) at the region of 30 km ≤ x ≤ 170 km and 30 km ≤ z ≤ 170 km. Only particles
within 2 km thin slice centered on the y = 100 km plane are shown. The orange, blue,
and skyblue points indicate the positions of particles, assumed as granite, water, and air
particles, respectively.
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Figure 3.11: Close-up snapshots from the simulation of case 7 at t = 0.3 (top left), 0.6
(top right), 1.4 (middle left), 2.2 (middle right), 3.0 (bottom left), and 3.5 s (bottom
right) at the region of 30 km ≤ x ≤ 170 km and 30 km ≤ z ≤ 170 km. Only particles
within 2 km thin slice centered on the y = 100 km plane are shown. The orange, red,
blue, and skyblue points indicate the positions of particles, assumed as granite, granite
(as a impactor), water, and air particles, respectively.
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Figure 3.12: Close-up snapshots from the simulation of case 8 at t = 0.3 (top left), 0.6
(top right), 1.4 (middle left), 2.2 (middle right), 3.0 (bottom left), and 3.7 s (bottom
right) at the region of 30 km ≤ x ≤ 170 km and 30 km ≤ z ≤ 170 km. Only particles
within 2 km thin slice centered on the y = 100 km plane are shown. The orange, blue,
and skyblue points indicate the positions of particles, assumed as granite, water, and air
particles, respectively.
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Chapter 4

Discussion

4.1 Non-Ideal Equation of State

In section 3.2, we conducted the preliminary calculations on the high-pressure condition
(1010 Pa). On the relatively low-pressure condision (. 108 Pa), the calculations worked
wrongly and stopped along the way. To be more precise, impactor particles experience the
interaction with ambient air particles, having low-density (ρ/ρ0 < 1) and high-pressure
values (p ≫ 105 Pa), and finally blow off some ambient air particles far away from
the calculational region. One of the possible reasons for that is that small changes of
impactor density make a large different value of the pressure. As we can see in Figure 4.1,
the Tillotson EOS is suitable for describing thermodynamical properties in high-pressure
condition (& 1010 Pa). The Tillotson EOS might be not suited to the situations where
low-pressure values are treated. Another possible reason is that there is a low-density
pressure cutoff in cold expanded states in the Tillotson EOS (white region of Figure
4.1). In hydrocode computation, densities ρ much less than ρ0 often occur during rapid
expansion. Physically, such densities indicate that the material is no longer a continuum
but may be droplets or solid fragments separated by gas. The measure to avoid such
a case, where the pressure value is negative in the formulation of the Tillotson EOS, is
to set the pressure value to zero. In the above problematic calculations, however, there
is a possibility that the pressure becomes a unphysical high-pressure value through the
iteration of DISPH method (see section 2.1.2).

One of the solutions to the problem is to employ a more accurate and suitable EOS,
such as ANEOS code (Thompson and Lauson 1972). The most realistic numerical simula-
tions, Shuvalov (2009) and Shuvalov et al. (2013), also use the ANEOS code to describe
the thermodynamic behavior of granite. This EOS provides a realistic representation
of the behavior of a given material over a wide range of conditions. However, ANEOS
does not have a simple analytical form. According to Melosh (1989), it consists of about
3000 lines of FORTRAN code. It is a future work to set such an accurate EOS into our
numerical code.
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4.2 Initial Condition Similar to the Earth

Physical quantities near the Earth’s surface layers have widely different values. In the
atmosphere in the hydrostatic equilibrium, the following equation holds,

∂p

∂z
= −gρ, (4.1)

where z is the altitude and g is the gravitational acceleration. When we assume the
atmosphere consists of ideal gas and employ the ideal EOS, the above equation deforms
as follows:

ρ(z) = ρ0 exp

(
− z

kT/mg

)
= ρ0 exp

(
− z

H

)
, (4.2)

where ρ0 is the atmospheric density at z = 0, k is Boltzmann constant, T is the tempera-
ture, m is the mean mass of atmospheric molecule, and H is the atmospheric scale hight.
From the above equation, we derive the density near z = 90 km as ∼ 10−5 kg/m3 with
ρ0 = 1.3 kg/m3 and H = 8 km. The density of the Earth’s atmosphere is layered, and
the difference of its density between bottom (z = 0 km) and top (here, z = 100 km) is
over 105 times. Likewise, the gound forms stratified structure, and the density of rock at
100 km in depth is estimated to be about 3370 kg/m3 (Dziewonski and Anderson 1981).
In order to reconstruct such a condition more realistically, we set particls with different
masses at each layer. After that, we tried to leave the particles for a certain time. This
method is usually employed in SPH to settle fluids dynamically. In this method, the fluids
basically experience an oscillation several times, and the situation calms down gradually.
We performed the realiztion of the atmosphere and the ground separately, in the case of
only atmosphere and of only ground of rock material.

In the case of the atmosphere, the fluid repeated an up-and-down oscillation but it had
higher amplitude by degrees. Finally, the oscillation could not settle and the calculation
stopped along the way. Such a picture might be due to the pressure gap caused by the
difference of density between each layer. We should investigate this situation in more
detail as a future work.

In the case of the ground, a greatly high-pressure layer appeared in the process of
the oscillation of ground, and finally the particles in the high-pressure layer blow off
the ambient rock particles far away from the calculational region. It might be due to
the problem of the Tillotson EOS as discussed in section 4.1. We need to confirm the
problem on the same test with the more realistic non-ideal EOS.

4.3 Application of This Work

From the results of section 3.1, we find that we can express exactly the contact discontinu-
ity with large difference of density by using the DISPH code with unequal-mass particles
and equal-separation arrangement. It is a greatly important result for calculational load
as well. We could apply the ability of DISPH to other problems.

One of the significant problems, which we could apply the ability to, is a giant impact
simulation where protoplanets hold the atmosphere and/or ocean. How much atmosphere
and ocean are left on protoplanets during a giant impact is a highly interesting subject in
the formation and evolution of the planet. In Genda and Abe (2005), applying the model
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of Genda and Abe (2003), they calculated the loss of the atmosphere and ocean caused by
the ground motion induced by a giant impact, considering a spherically symmetric motion
of the atmosphere and ocean. They showed that the presence of an ocean significantry
enhances the loss of atmosphere during a giant impact. This is a important conclusion,
although they employed a 1D numerical simulation. Due to the calculation load as well,
3D simulations for such a problem have not been pereformed. We could discuss such a
subject in more detail by conducting 3D simulations of DISPH with different mass of
particles assumed as air, water, and rock.

There are many other hydrodynamical problems caused by such a great large gap of
density and expensive calculation load in astrophysical and planetary sciences field. In
the future, we could also deal with such unsettled problems.
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Figure 4.1: Values of pressure by the tillotson EOS for granite. Horizontal axis represents
density. Vertical axis represents specific internal energy. Each colors express the pressure
values in the right colorbox. White region is the region where the pressure is a negative
value.
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Chapter 5

Conclusions

We discuss the development of advanced numerical code for simulation of impacts of small
planetary bodies. We employ a new advanced Lagrangian hydrocode in Hosono et al.
(2013), Density Independent Smoothed Particles Hydrodynamics (DISPH), and improve
the code for such a simulation. For smaller calculational load and better calculational
results, unequal-mass particles and equal-separation arrangement are used to construct
the boundaries between the atmosphere and ocean/land. In the hydrostatic equilibrium
tests, it is shown that such contact discontinuities with quite large difference of density can
be expressed exactly with DISPH, where the values of each material’s density are typical
ones at the surface of the Earth. We develop a numerical code for simulation of impacts
with various impact parameters, such as projectile diameter, impact velocity, impact
angle, projectile material (cometary/asteroidal), and target material (land/ocean). By
using the simulation code, we perform some preliminary calculations of impacts. Even
from the preliminary results, we can see that the variation of impact parameters makes
a large difference to the picture after the collision. In order to simulate the impacts of
small planetary bodies on the Earth more realistically, we have the following future works,
(A) to use more accurate non-ideal EOS suitable for the simulation, and (B) to set the
layered atmosphere and ground as the Earth-like initial condition. The fact that we can
change the mass of particles even in the range of 2000 times with DISPH to express quite
different values of density is a highly significant result. With DISPH, hereafter, we could
also deal with some hydrodynamical problems unsolved due to the great gap of density
and high calculation load in astrophysical and planetary sciences field.
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Appendix A

Standard SPH and Density
Independent SPH for Ideal EOS

Here again, we show the basic of the smoothed particle hydrodynamics. Let us consider
the following equations, respectively, the continuity equation, the motion equation, and
the energy equation:

dρ

dt
= −ρ∇ · v, (A.1)

dv

dt
= −1

ρ
∇p, (A.2)

du

dt
= −p

ρ
∇ · v, (A.3)

where ρ, v, p, and u are the density, velocity, pressure, and specific internal energy. The
pressure p is given by EOS, p = p(ρ, u). We do not solve the continuity equation because
the SPH is a fully Lagrangian method; we employ only Eqs. (A.2) and (A.3).

At the heart of SPH is the interpolation by a kernel approximation. A physical
quantity A(r) is approximated by

Â(r) =

∫∫∫
A(r′)W (r − r′;h(r))dV ′, (A.4)

where W (r;h) is a kernel function and the smoothing length h determines the width
of this kernel. In order to evaluate the value of the physical quantities at the posisions
of particles, we discretize Eq. (A.4), by replacing the integral by a sum over a set of
interpolation points:

Â(r) ≃
∑
j

AjW (r − rj ;h(r))∆Vj, (A.5)

where the subscript j is particle index, Aj is the value of A(r) of particle j, and ∆V is

the volume element. From Eq. (A.5), the derivative of Â is given by

∇Â(r) ≃
∑
j

Aj∇W (r − rj ;h(r))∆Vj. (A.6)

We need to determine ∆Vi to actually calculate Eq. (A.6). The way to evaluate ∆Vi is
the difference between the standard SPH and Density Independent SPH for ideal EOS.
Below, we show the formulation of two methods.
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A.1 Standard SPH

In the formulation of SSPH, the volume element ∆V is replaced as follows:

∆V = m/ρ. (A.7)

We substitute Eq. (A.7) into Eqs. (A.5) and (A.6), and obtain

Â(r) ≃
∑
j

AjW (r − rj ;h(r))
mj

ρj
, (A.8)

∇Â(r) ≃
∑
j

Aj∇W (r − rj ;h(r))
mj

ρj
. (A.9)

Then, the summation interpolant Eq. (A.8) of the density reads

ρ̂i ≃
∑
j

mjW (rij;hi), (A.10)

where rij = ri − rj.
We discretize the motion equation Eq. (A.2) and the energy equation Eq. (A.3). Let

us transform the right side of Eq. (A.2) as follows:

−1

ρ
∇p = −∇p

ρ
− p

ρ2
∇ρ. (A.11)

From Eqs. (A.9) and (A.11), the motion equation can be obtained as follows:

dvi

dt
= −

∑
j

mj

(
pi
ρi2

+
pj
ρj2

)
∆W (rij;hi), (A.12)

Let us consider a suitable energy equation by using the following relation:

∇(ρivi) = vi · ∇ρi + ρi∇ · vi. (A.13)

From Eqs. (A.9) and (A.13), ∇ · vi can be constructed as follows:

∇ · vi = − 1

ρi

∑
j

mjvij · ∇Wij, (A.14)

where vij = vi−vj. By substituting the above equation to Eq. (A.3), the energy eqaution
can be obtained:

dui

dt
=

pi
ρi2

∑
j

mjvij · ∇Wij. (A.15)
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A.2 Overview of the Density Independent SPH for

Ideal EOS

In Saitoh & Makino (2013), the formulation of the volume element ∆Vj is replaced by
Uj/qj, where Uj = mjuj is the internal energy and qj = ρjuJ is the enegy spatial density

of j-th particle. We can obtain Âi as

Âi =
∑
j

Aj
Uj

qj
W (rij;h). (A.16)

We substitute q into A and obtain

q̂i =
∑
j

UjW (rij;h). (A.17)

From Eq. (A.16), the derivative of Ai can be written as

∇Âi =
∑
j

Aj
Uj

qj
∇W (rij;h). (A.18)

First, we develop the expression for the energy equation, and then the motion equation.
In order to derive the energy equation, an expression of ∇ · v is needed. We use the

following equation,
∇(qv) = v · ∇q + q∇ · v. (A.19)

In the case of the ideal gas, q is differentiable around the contact discontinuity because
the pressure is proportional to q. From Eqs. (A.18) and (A.19), we obtain

q̂i∇ · vi = −
∑
j

Ujvij · ∇W (rij;h). (A.20)

Here, the density ρi can be written by

ρi =
miq̂i
Ui

. (A.21)

From Eqs. (A.3), (A.20), and (A.21), the energy equation can be written as

dUi

dt
=
∑
j

Uipi
q̂2i

Ujvij · ∇W (rij;h). (A.22)

Now we define the change in the internal energy of the i-th particle due to the interaction
with j-th particle as dUij/dt. By using Eq. (A.22), dUij/dt is given by

dUij

dt
=

UiUjpi
q̂2i

vij · ∇W (rij;h). (A.23)

From the energy equation, the motion equation can be derived. The variation of the
internal energy is the same as that of the kinetic energy with an opposit sign;

dUij

dt
+

dUji

dt
= − d

dt
(Ki +Kj) (A.24)
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where Ki and Kj are the kinetic energy of the i-th and j-th particle each. From Eq.
(A.23), we obtain the left side of Eq. (A.24) as

dUij

dt
+

dUji

dt
= UiUj

(
pi
q̂2i

+
pj
q̂2j

)
vij · ∇W (rij;h). (A.25)

Here, Ki +Kj is

Ki +Kj =
1

2
miv

2
i +

1

2
mjv

2
j

=
1

2
(mi +mj)

(
mivi +mjvj

mi +mj

)2

+
1

2

mimj

mi +mj

v2
ij. (A.26)

Then, the right side of Eq. (A.24) can be written as

− d

dt
(Ki +Kj) = −1

2
(mi +mj)

d

dt

(
mivi +mjvj

mi +mj

)2

− mimj

mi +mj

vij
dvij

dt
. (A.27)

Since the total momentum of two particles is conserved,

d

dt
(mivi +mjvj) = 0. (A.28)

From Eqs. (A.25), (A.27), and (A.28), we can change Eq. (A.24) as

− mimj

mi +mj

dvij

dt
= UiUj

(
pi
q̂2i

+
pj
q̂2j

)
∇W (rij;h). (A.29)

By using Eq. (A.28), vj in Eq. (A.29) can be eliminated and we finally obtain

mi
dvi

dt
= −

∑
j

UiUj

(
pi
q̂2i

+
pj
q̂2j

)
∇W (rij;h). (A.30)
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